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Abstract

We introduced a series on the subgroups generated by a group G and IA(G) and defined G**-autonilpotency on this series
[2]. In this paper, we generalize these concepts and then study some properties of them and their relationships.
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1. Introduction

Let G be a group. Let us denote by Aut(G) and G’, respectively, the full automorphism group and the
commutator subgroup. Bachmuth [1] in 1965 defined an IA-automorphism of a group G as

IA(G) = {a € Aut(G) | g 'a(g) =[g,a] € G', Vg € G}.
Hegarty [4] in 1994 introduced the autocommutator subgroup as follows:
K(G) =(lg,al | g € G, & € Aut(G)).
On the similar lines, Ghumde and Ghate [3] in 2015 introduced the subgroup
G*™ =(lg,al | g € G, x € IA(G)).

For any group G, G’ = G** < K(G).
First, we study the conditions in which G** is equal to K(G). The following proposition clearly states
these conditions.

Proposition 1.1. For a group G, G** = K(G) if one of the following conditions holds

1) G be a complete group, i.e., G = G’.
2) G’ be of index two of G, because then IA(G)=Aut(G).
3) Inn(G)=Aut(G).
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For any group G, G** = (1) if and only if G is a trivial or abelian group. Also, G** is an abelian group
if and only if G is a metabelian group.

Lemma 1.2. Let G = H; x Ho, Hy # <1> and Hi N G** = <1>, then H; = Cs.

Proof. Suppose by way of contradiction that |Hy| > 2, then H; has a nontrivial automorphism « and we
can extend o to an automorphism $ of G where (h;) = «(hy), for all h;y € Hy and B(hg) = hy, for all
ho € Ho. If hy € H; is arbitrary, then

[h1, B] = [h1, ] € H1 NG™ = (1).
Thus «(hy) = hy contradicting the fact that « is nontrivial. O

Parvaneh and Moghaddam [6] in 2010 introduced the concept of autonilpotent groups. They defined the
autocommutator subgroup of weight m+1 as

Km(G) = [Kin-1(G), Aut(G)]
=([lg,o1,x2,...,00ml | g € G, a1, xg,...,6m € Aut(G)),
for all m > 1, and obtained a descending chain of autocommutator subgroups of G as follows:
< C K (G) € -+ CKa(G) C Ky (G) =K(G) CKp =G.

Also, they called a group to be autonilpotent of class at most m if K, (G) = G, for some positive integer m.
Mohebian and Hosseini [5] in their paper generalized these concepts and defined the n-autocommutator
subgroup inductively as follows:

K§(G) =G,
KIMG) =K™(G) = (Ig, ™ | g € G, & € Aut(G)),
and forn > 2: K3 (G) =(lg, ', ..., ;] 1 g € G, «,...,am € Aut(G)).

h
For any group G, K}, (G) C< G. Also, they introduced the lower n-autocenteral series of G as
- CKRL(G) € CKF(G) CKTH(G) =K™(G) CKy(G) =G

and they called a group G is an n-autonilpotent group if the lower n-autocenteral series finally terminate in
the identity subgroup. In special case that n = 1, the n-autonilpotent groups are the same autonilpotent
groups.

We [2] defined the TA-commutator series or G** series of G as

CGC - CGYCG =G"=G"CG}" =G (1.1)
where m is a positive integer and

G =(lg,x1,...,o0ml 1 g€ G, ap,...,am € IA(G))
=[Gm_1, IA(G)].
Gi¥ < K(G) and if G is an abelian group, then G = (1), for every positive integer m. A group G is called
G**-autonilpotent group of class at most m if the series (1.1) finally terminate in the identity subgroup.

The autonilpotent groups are G**-autonilpotent, but we provide an example in which the converse is not
generally valid. All of the abelian groups are G**-autonilpotent, but

1
G:@ngi, I1>1, m=myg>---2>2m
i=1

is not autonilpotent, because K (G) = G.
On the similar lines, we generalize these concepts and then study their properties.
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Definition 1.3. For each positive integer m and n, we define
G =(lg,al",..., ;] 1 g€ G, ap,...,am € IA(G)).
Thus, we have the n-IA-commutator series as

CGHC-CGHCGH =G™ C G =G. (1.2)

2. Properties of the terms of the n-IA-commutator series

Proposition 2.1. Let G be a group, then for every positive integer m and n, G}};" is a characteristic subgroup
of G.

Proof. Obviously, G < G. Now, let p € Aut(G) and [g,af,..., o] € G}, for any g € G and
&1,...,%n € IA(G). Then, one can write

B™([g, o, ... o)) = B™ (g Mg+ - o (9))
=B"™(g " IB™ (- - o (9))
(9)™)B™ (o - - BB (9))
() ™)B™et - o B (B (9))
=[B(g) ™ BB € GV, < G
—

eG €IA(G)dAut(G)

Lemma 2.2. a) Let G and H be two arbitrary groups, then for any positive integer m and n,
G xHE € (G xH)L.

b) If G and H are finite groups such that (|G, |H|) = 1, Then for any positive integer m and n,
G xHY = (G xH)L.

Proof. a) Because IA(G x H) = IA(G) x IA(H) and

G*xH"”*=G'xH =(GxH) = (G x H)*,
it follows by induction on m that
(lg, o',y oanl, Iy BT Bd) = [(g, h), o X BT, -y oogy X B,

for oy € IA(G), Bi € IA(H), g€ G and h € H.
b) We prove that
(GxH)W C Gy x HY

which give sufficient condition for the result. It is not difficult to see that o|g € IA(G) and o]y € IA(H) for
all 0 € IA(G x H). Now, by induction on m and n, we have

[(Q,h), G?a EER) 0-:111] = ([97 0-?|Ga SR 0_11111|G]a [ha (7111|H, ) 0-21|H])7
for every g € G, h € H and oy,...,0m € [A(G x H). This implies the result. O

Lemma 2.3. Let G be a group and H be a characteristic subgroup of index two of G, then GJ}" is contained
in H, for any positive integer m and n.

Proof. The result is followed by lemma 2.4 [6]. O



S. Barin and M. M. Nasrabadi, Commun. Combin., Cryptogr. & Computer Sci., 2 (2022), 201-205 204

3. n-TA-nilpotent groups

In the introduction, we introduced autonilpotent and G**-autonilpotent groups. In this section, we
define n-IA-nilpotent groups and study their properties.

Definition 3.1. A group G is called an n-TA-nilpotent group of class at most n if the series (1.2) finally
terminate in the identity subgroup.

Remark 3.2. The autonilpotent groups are n-IA-nilpotent, but the converse is not generally valid. For
example, all of the abelian groups are n-IA-nilpotent, but

1
G:@ngi, I>1, m=my=>--->2m
i=1

is not autonilpotent, because K, (G) = G.
Proposition 3.3. If G or H is not n-IA-nilpotent group, then G x H is not n-IA-nilpotent.
Proof. It is clear by lemma 2.2. d

Corollary 3.4. If Hy, Ho, ..., Hy are n-TA-nilpotent groups with coprime orders, then H; x Ho x --- x Hy is
also n-TA-nilpotent.

Proof. The result is followed by induction on 1. O

Theorem 3.5. Let G be a group and H be a characteristic subgroup of it. If H and G/H are n-IA-nilpotent,
then G is also n-IA-nilpotent.

Proof. Because H and G/H are n-IA-nilpotent, so there exist positive integers i and j such that

G\ n*
nx __ ~ _
HE =), (), =
Clearly, G™*H/H = (G/H)™* and by induction on j one gets
=1

G.
j H

So, G}i* C H. Let [g, «™] be an arbitrary generator of GI'* [G)T‘*, IA(G)]. It is not difficult to show that

j+1 =
[g, ™|l € [H,IA(H)], thus G]T‘jl C H™*. By induction on i, we have Gﬁfj C HI** = (1). Therefore, G is
an n-IA-nilpotent group of class at most i+j. O

Theorem 3.6. Let G be a group and H be a proper characteristic subgroup of it with G/H is n-IA-nilpotent
of class c. If HN G2* = (1), then G is n-IA-nilpotent.

Proof. Basing our argument in the proof of theorem 3.5, it is not difficult to show that GZ*H/H C (G/H)Z*.
As HNGZ* = (1), we have

Gg*  _ GZF'H G\
S (S g
HN G H H/c H
Thus GI* = (1) which yields the n-TA-nilpotency of G. O

Theorem 3.7. Let G be an n-IA-nilpotent group of class ¢ and H be a characteristic subgroup H of it. If
G = HG™*, then G=H.
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Proof. By hypothesis
G™ =[G,IA(G)] = [HG™,IA(G)].
We prove that
[HG™,IA(G)] < H,IA(G)I™ [G™, IA(G)].

Assume that h € H, g € G™* and « € IA(G), then [hg, «™] € [HG™*,IA(G)] and

[hg, "] = (hg)'a™(hg)
=g 'h'a™(h)a™(g)
=g " o™ (h)gg ' a"(g)
= [h, a™9(g, a"] € [H,IA(G)]" [G™, IA(G)].

Because H is a characteristic subgroup, we have

G™ =[HG™,IA(G)]
<[H,IA(G)]¢™ [G™, IA(G)]
<HGI™,

Thus
G = HG™ <HGH™.

So, G = HGY™*. Now, by induction, we have G = HG{*, and G=H since G is an n-IA-nilpotent group
of class c. O
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